On the Statistical Sensitivity Analysis of
Models for Chemical Kinetics

The differential equations governing the propagation in time of the
sensitivity matrix for a mathematical model given by a system of ordinary
differential equations are derived. These equations are used to perform

R. W. ATHERTON
R. B. SCHAINKER

a statistical sensitivity analysis of models for chemical reactors. The be- and

havior of the sensitivities at equilibrium is analyzed. It is shown that the
sensitivity equations for linear kinetics may be solved using an analytic
representation. The numerical solution of these equations is discussed, and
illustrative examples are presented. The lognormal distribution is presented

as being representative of errors in rate constants.
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SCOPE

Chemical reactors may be modeled in terms of a set
of nonlinear, ordinary differential equations. Qur knowl-
edge of the parameters of such a model (rate constants,
initial conditions, or transport coefficients) is less than per-
fect. As a result, these parameters are described as having
noise, being uncertain, or possessing error. Determining
the sensitivity of the model output variables to parameter
uncertainties depends upon the structure of the model
and the extent of knowledge of the statistics of the param-
eters. In this paper a means of assessing the effect of
parameter uncertainties upon the model output variables
is presented.

The approach, statistical sensitivity analysis, is based
upon Taylor series approximations for the variance and
expected value of the output variables of the model. The
first partial derivatives of the output variables with re-
spect to each parameter are determined from the model
structure. Determination of these derivatives, the sensi-

tivity matrix, is the key to application of the technique.

The derivation of the differential equations describing
a complete sensitivity matrix for each output variable
with respect to each parameter is based upon the process
application studies of Stepner and Mehra (1973), Mehra
(1969), and Schainker et al. (1973b). Sensitivity of the
model output to initial conditions is a well studied prob-
lem in differential equations (Hille, 1969).

An attempt has been made to study the sensitivity of
a set of chemical reactions to uncertainties in the rate
coefficients through a Fourier analysis (Cukier et al,
1973; Schaibly and Schuler, 1973). This method requires
lengthy computations and contains theoretical ambiguities
(Atherton et al., 1974b). Another reference in the area
is that of Tumovic and Vukobratovic (1972), where a
deterministic treatment of second-order periodic systems
is presented.

CONCLUSIONS AND SIGNIFICANCE

This paper presents a methodology for the calculation
of the variance of the output of kinetic models subject
to uncertainties in reaction rate coeflicients, energies of
activation, temperature, rate law exponents, and initial
conditions. The parameters contributing the most to the

uncertainty in the model results are identified by rank-
ordering the contributions over the entire time interval of
interest. This paper furnishes.a thorough, systematic study
of the sensitivity of models for chemical kinetics to the
parameters of the model.

This work is motivated by a study of stratospheric pho-
tochemistry, which is described in terms of a large set
of chemical reactions. The model possesses an even larger
number of parameters, including the rate constants, ener-
gies of activation, temperature (in the case of an isother-
mal reactor), rate law exponents, initial conditions, and
transport parameters. The numerical values of these pa-
rameters are known imprecisely, and it is necessary to ex-
plore the question of how the parameter uncertainties
propagate into output-variable uncertainties. The answer
to this question is derived from an interesting blend of
mathematical physics and statistics and provides the meth-
odology for a statistical sensitivity analysis of a system of
nonlinear, ordinary differential equations.
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As described in the first section, the methods detailed
here are applicable to the study of industrial reactors in
which the rate law exponents are of an empirical nature.
For such a reactor model, the variance of the model output
would indicate the reliability of such expressions and the
importance of determining more accurate values for such
parameters. We will next present the statistical formulas
which provide insight into the results. Then the derivation
of the differential equations for a sensitivity matrix will be
presented, and analysis of the behavior of that matrix at
equilibrium will be presented. These results are of a gen-
eral nature. Some simple models for chemical reactors will
be analyzed using the above techniques. Two spe-
cific examples will be treated to illustrate the technique,
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Application to industrial problems will be indicated and
the use of the lognormal distribution will be discussed.

EXPRESSIONS FOR REACTION RATES

We begin by determining the context of this paper
within the field of reactor design. In using the techniques
presented in this paper, it is assumed that a set of chemi-
cal reactions has been chosen, that functional expressions
for the rates r;(p) have been determined, and that the
parameters p in these rate expressions have been identified.
Then application of statistical sensitivity analysis deter-
mines the effect of errors in the parameters on the solu-
tion of the kinetic equations for the reactor model. In this
discussion, we distinguish between reaction models r;
and reactor models given by Equation (1)

dc; X
d—tJ: Eaijf,'(p) j=1,...N (1)
i=1

Two very important steps not treated in this paper are
the determination of the functional form for r;, model dis-
crimination, and the determination of values for the param-
eters p, parameter identification. Both topics are treated in
the text of Himmelblau (1970); and Kittrell (1970) has
given a review of parameter identification for chemical re-
action models. Both these steps are performed with the aid
of experiments; consequently, the design of the experi-
ments has great influence on the effort required. Box and
Hill (1967) have presented a technique of sequential ex-
perimentation and model discrimination in which calecula-
tions made after each stage determine, for the next experi-
ment, the process conditions that provide the most dis-
crimination. A further refinement is given by Hill et al.
(1968) in which both model discrimination and parameter
estimation are performed sequentially with experiments.
These techniques have been applied to pentane isomeriza-
tion by Froment and Mezaki (1970).

Mezaki and Happel (1969) have pointed out the im-
portance of using knowledge of physicochemical principles
to postulate models that reflect the true physical processes.
Otherwise the reaction model and parameters chosen may
be statistically correct, but provide little insight into the
physical processes. They thus discuss methods of formulat-
ing a set of rival models for the reaction rates.

To summarize, modeling of chemical reactors is the re-
sult of the sequential application and feedback of the fol-
lowing four steps:

1. Formulation of a set of rival reaction models.
2. Model discrimination.

3. Parameter identification.

4. Statistical sensitivity analysis.

STATISTICAL SENSITIVITY ANALYSIS

A statistical sensitivity analysis consists of computing the
variance and the expected value of each model output and
rank-ordering the contributions to the variance. The ex-
pected value <X>> of the output X can be represented by

a Taylor series expansion for X about X its value at the
mean value of the parameters (Hahn and Shapiro, 1967;
Papoulis, 1965).

n a9
<X>=X-+1/2 2 5 var(p;)
i=1 api
92X
+ ' cov (pi, pi)  (2)
t<i PO
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where var (p;) = o2 (p;)
cov (pi, pi) = <(pi — <pi>) (pi — <p;i>)> (3)

The variance of X may be represented similarly.

(0 =% () ver )

+ 22 2 (E¥—> (a_x_) cov (pi, pi)

Tof Son/ Nap)

* 2 <%) (%) #3(ps) (4)

where ug is the third central moment,

In order to perform a statistical sensitivity analysis, we
require the statistics of the parameters and the parameter
derivatives of the model. The minimum information on the
statistics of the parameters required for such an analysis
is the mean value and standard deviation of each parame-
ter. For parameters whose statistics are correlated, knowl-
edge of the covariance matrix is required. Knowledge of
higher central moments would allow computation of more
terms in the approximation.

Values of the derivatives 0X/dp; and 92X/dp; ap; evalu-
ated at the expected value of the parameter vector must
be deduced from the mathematical structure of the model.
When the relationship between the parameters and the
function is given by an explicit algebraic relation, the sta-
tistical sensitivity analysis is very easy to perform. More
complicated model structures as required for the chemical
reactor preclude straightforward calculation of derivatives
with respect to parameters.

Equation (4) may be simplified in two stages. If, for
each parameter p;, either uz(p;) or 92X/8p? is zero or small
in comparison with the leading terms, then the third term
may be neglected and the approximation for the variance
becomes

var (X) = 2 <%X—)2 var (p;)

i pi
r2 2 2( ) (2 ) o o) ()
i< ' !

If the parameters p; are uncorrelated, then the second term
may be neglected as well, and Equation (4) reduces to the
equation

var (X) = 2, (% )2var (ps) (6)

i i

For a vector of output variables X; the matrix of deriva-
tives is designated as the sensitivity matrix ¢;;

3X;
ap;

The variance of the output indicates the magnitude of the
effect of uncertainty in the parameters. As a source of un-
certainty each parameter, in the case of Equation (6),
contributes an amount »;; given by Schainker et al. (1973a).

vij = ¢ii® var (p;) (8)

The relative effect of the uncertainty in each parameter
is determined by ranking the contributions to the variance
in the order of their magnitudes. Since »; is positive, the
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max

v indicates the key parameter for the ith variable.

Caution must be exercised in the choice of the very sim-
ple Equation (6) over Equation (5). The covariances are
of overriding significance and are rarely negligible in real
problems, especially chemical kinetics (Ware, 1974). At
the completion of the parameter estimation stage of the
analysis, the covariance matrix provided by the estimation
procedure should be exammed closely. Neglect of the co-
variances and use only of the variances, the diagonal terms,
can result in a substantial error in the value obtained for
the variance of the output. The uncertainty can be either
much better or much worse when using the full covariance
matrix than when using the variances alone.

THE SENSITIVITY MATRIX

A statistical sensitivity analysis for model output ¢ re-
quires knowledge of the matrix

The information provided by the model must be used to
determine dc¢/dp. The class of models for chemical kinetics
under study is described by the initial value problem for a
set of ordinary differential equations for concentration ¢

de
Fral f(c,p) clt=0 = c(0) (10)
t
f need not be linear.
In order to calculate the sensitivity matrix, it must be
related to the model. To do so, interchange the order of
differentiation in the expression below and use Equation

(10).

d ( ac) N ( de

de \op/  ap \dt
Since ¢ is a function of p, the right-hand expression is ex-
panded to give

HONCIORE

14

9
iy f(e,p) (11)

(12)

c

The matrices of derivatives are defined in the usual manner
as in Equation (9). For simplicity, we introduce ¢;; de-
fined as in Equation (7). Equation (12) may be written
in subscript notation as

d ofs ofs
= s — 13
p7y by = El} —-acl ¢+ ™y (13)

To determine the initial conditions for Equation (12),
we note that att =0
8ci(0) _ o 8el(0)
ac;(0) " ope

These conditions are summarized as

0 (14)

0  if p; is not an initial condition

¢y(0) = { (15)

3;; if pj;is an initial condition

Equations (13) and (15) give a set of differential equa-
tions whose solution determines the sensitivity matrix as a
function of time. The number of equations is the product
of the size of the state and the number of parameters. Each
equation is linear in the ¢; and has variable coefficients
which are determined by the state c.

Solution of the sensitivity equations gives a complete
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time history of the parameter derivatives and provides in-
formation necessary to determine the variance as given by
Equations (5) or (8) and the contributions to the vari-
ance. In order to use the more general expression for the
variance given in Equation (4), knowledge of 9%c:/dpxdp;
is required. A differential equation governing the time
propagation of this array has been derived in a manner
analogous to Equation (13). The derivation of the equa-
tions governing sensitivity is valid for an arbitrary set of
differential equations.

To illustrate the simplicity and utility of the ideas in-
volved, a statistical sensitivity analysis for a model of a
single first-order reaction is given in Appendix A. Specific
application to more general models is given in the follow-
ing section.

LINEAR KINETICS IN GENERAL

The equations for the sensitivity matrix for the case of
linear kinetics can be solved exactly. Let the kinetics of an
independent set of reactions be described by

de

—_— = A

= c (18)
The dynamics of Equation (16) have been treated in de-
tail by Wei and Prater (1962). Define a vector of sensitivi-
ties @; by

dc
5= — 17
= (17)
Then ¢; is governed by
d oA
"'i—?:'=A°P:‘+,—° (18)
¢ op;

Note that both the state and the sensitivity are governed
by the operator A. This result is an example of a more
general theorem for linear operators (Atherton, 1974),

The solution for Equation (18) via the usual techniques
(DeRusso et al.,, 1965) is

¢ oA
; = eAt f e—AT
L 7] o a

If the parameters consist of rate constants and initial con-
ditions only, the solution can be simplified. If p; is a rate
constant, then its initial vector is zero, and the second term
in the equation is zero.

t
?J‘ = eAt L e—AT aA
op;

If p; is an initial condition, then the integral is zero since
its integrand is zero. Thus

¢ = €Al ¢;(0) (21

LINEAR KINETICS—AN EXAMPLE

cdr + eAt ;(0)  (19)

i

cdr (20)

Consider the following set of four reactions in three com-
ponents.
ks

Ci&C.
ok 4
Kk

Cs
(22)

An independent set of equations is given by

) S 1 R R | B

(23)
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And the kinetic equation for cs is
de
Eti =kci+kec (24)

Numerical values will be assigned to the rate constants and
initial conditions.

(s, ko, ks, ke) = (1, 499.5, 499.5, 1)

c(0)"=(2,1,0) (25)
The equations are in the form of Equation (16) where
—500.5  499.5 ]
4= [ 499.5 —500.5 (26)

The particular choice of k’s is designed to give a set of
differential equations which is known to be stiff (Seinfeld,
1971), a point to be emphasized in a later section.

The problem has seven parameters, four rate constants
and three initial conditions. The 21 sensitivities are given
in Appendix B and illustrated in Figure 1. Note that the
sensitivity function typically attains a maximum,

Since an explicit solution exists for linear kinetics, it
might appear that the sensitivities could be obtained by
direct differentiation; however, it is more difficult to dif-
ferentiate the dependence of the eigenvalues and modal
matrices on the rate constants than to calculate the sensi-

" . tivity matrix using the methods of this paper. Attempting

the first procedure on this example will illuminate this
point (see Wei and Prater, 1962).

Naturally, the behavior of the sensitivity functions is
strongly coupled to the behavior of the state. The proper-
ties of the sensitivities can be explained in terms of the
behavior of the state. For instance, ¢; and ¢; attain equi-
librium; after equilibrium is reached, the sensitivities are
equal. The forms of dc¢1/9ks, dca/dky, c1/0ks, dca/0ks are
similar, and so are the forms of dci/dky, 8ca/0ky, dc1/ ks,
002/ 6k4.

Reasoning from the chemistry of the reaction set, c3
does not depend upon k; or ks; consequently, it is not sur-
prising that the corresponding sensitivities are zero.

Because of its utility in atmospheric photochemistry, we
have chosen to work in concentration units. To this point
there is no ambiguity in considering the independent vari-
able ¢ as a mole fraction. We now make use of the fact
that ¢ is a concentration and note that conservation of
mass yields the following seven consistency relations among
the 21 sensitivity functions:

3(2‘ ci)

—_—0, j=14 27
o i (27)

3(% c)

—_=1 =13 28
5;(0) i (28)

There is redundancy in the equations, and the choice is be-
tween efficient computation and retaining a set of checks
on the result. Indeed, use of Equation (27) and the values
in Appendix B for the appropriate sensitivities for ¢; and ¢z
results in the following:

dcg ( dcy ocs
Ze o (ZL 22 ) 20, 1=230mly (29
ok, ok; + ok; oy ( )

Before leaving this example, we shall consider the effect
of the covariance terms on the variance of the model out-
put. Two covariance matrices are given in Equations (30)
and (31).
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Fig. 1. Plot of | ¢i; | for linear kinetics example.
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We consider three cases. The computation of Case I uses
Equation (5) and the full covariance matrix as given in
Equation (30). Case II uses only the diagonal terms of
the covariance matrix and can be computed using Equa-
tion (6). Case III uses the full covariance matrix of Equa-
tion (31). It is obvious that Case I = Case II = Case III
for all ¢; and all time. For instance we calculate Var(c;)
at t = 0.05 as respectively 0.2041, 0.1633, 0.1225. This
example shows the importance of using the covariance
terms when the variables are correlated.

NONLINEAR REACTOR MODELS

Equation (1) gives a general nonlinear model for a
chemical reactor. As discussed in the first section on ex-
pressions for reaction rates, the functional form of the
reactor model depends upon the rate expressions r; devel-
oped after model discrimination. Several functional forms
used in kinetic studies are discussed in the six papers cited
in that section. In this section, as an example, all reaction
rates 7; are represented by generalized polynomials,

N
= k‘tgx o (32)

In particular, Equations (1) and (32) define a model for
an isothermal, constant-volume batch reactor {Aris, 19653).
Detailed theoretical considerations of the mathematical
properties of these models are provided by Gavalas (1968).

The reaction rate constant k; may be given more gen-
erally by

k= ko (%)b‘exp (— E4T) (33)

where E; is the energy of activation of reaction . Thus, the
parameter k; is in turn a function of the parameters, T, by,
koi, Ei. (ki) can be calculated via the expressions for the
variance (4) to (8). Since these parameters are often cor-
related, care should be exercised in the treatment of the
covariances. Further details of the application of statistical
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sensitivity analysis are given in Appendix C.
In particular if all rates follow the law of mass action,

then
rlaijl fa; <0
o= { (34)

0  otherwise

If there is no uncertainty in %, the parameters (for this
model) are the R rate coefficients and N initial conditions.
The parameters y;; will have uncertainty if they are deter-
mined empirically. Although treating uncertainty in % in-
creases the size of the problem, no essential difficulties are
introduced.

To perform a sensitivity analysis of this nonlinear model,
Equation (13) must be constructed for each class of pa-
rameter. The appropriate terms are given in Appendix C.
The solution of these equations is presented in the next
section.

COMPUTATION OF SENSITIVITY FUNCTIONS

In the two examples mentioned previously, it was shown
that when a formal solution is known, the sensitivity
functions may be found by direct differentiation. In the
second example, however, it was easier to solve the sensi-
tivity equations directly,

For large sets of reactions, especially those that are non-
linear, the model output variables must be solved numeri-
cally. One method of solution is to represent dci/dp; as a
finite difference and compute values of the state for small
changes in the parameter vector. A beter method s to
solve the differential equations for the sensitivity functions
numerically. The first method is less accuraie and requires
at least as many integrations as a direct computation
(Atherton et al., 1974).

It is well known that the differential equations for
chemical kinetics are often stiff (Gelinas, 1972) in -the
numerical sense. Consequently, these equations must be
solved using an appropriate numerical method, such as
that of Gear (1969). The linear example in the previous
section was chosen to reflect as much as possible the prob-
lems of real chemical systems, particularly stiffness. Nu-

"merical studies of that example have been performed using
the method of Gear. It was anticipated that the sensitivity
equations would be stiff as well. In practice this proved to
be the case.

It 1s possible to structure the calculation so that a simul-
taneous solution of both the state and sensitivities is ob-
tained. Large systems, however, require that the state be
calculated first, stored, and then used to calculate subsets
of sensitivities in subsequent runs. The above numerical
methods were used in a study of the nonlinear kinetics of
a set of 40 reactions representing stratospheric photochem-
istry (Atherton et al., 1974a).

SENSITIVITY AT EQUILIBRIUM

The solution of differential equations given by Equation
(1), if it is a model for a chemical reactor, has equilibrium
points (Gavalas, 1968). At equilibrium the equations for
sensitivity are algebraic, and it is of interest to determine
whether the sensitivities at equilibrium are the limit in
time of the dynamic sensitivities.

Theorem 1

Let the following be true:

The solution for Equation (1) has an equilib-
rium point and lim ¢(t) = c® uniformly in p.
t>00

Then
F:] ] ‘(e)
msfi= ; (35)
to® pJ pj
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Proof: The theorem follows immediately after inter-
change of the limiting processes for time and differentia-
tion. ror a scalar parameter b

; — ¢t
tim lim [ ci(t,p + ap) — a2, 0) ]

t>w AP0 Ap

1
= lim ~ lim [ci(t, p + ap) — ci(t, p) 1.

Ap->0 ( t>w

A theorem due to Moore (Jeffries and Jeffries, 1972) then
states that the limits are equal. Note that in the derivation
of Equation (13) it has been assumed that ¢(¢), dc/8¢, and
dc/ap are all continuous functions.

With regard to the variances as defined in Equations
(3) or (6), we have the following corollary:

Corollary: Let Theorem 1 be true, and the variance de-
fined by Equations (5) or (6), then the
limit as ¢ = oo of the variance, is the vari-
ance of the equilibrium state.

lim var (¢;) = var (¢;¢®?) (37)
t-> 0

The simple example in Appendix A and the example of

linear kinetics both provide examples of these results.

LOGNORMAL ERROR DISTRIBUTIONS

Since the expression for the variance is based upon a
Taylor series approximation, the question arises as to how
to treat problems in which the errors are given in terms of
a multiple of the nominal value. The answer is
simply to treat parameters with this type of error distribu-
tion in terms of their logarithms: In(p;) = o(In(p;)).
Thus, we use the logarithmic transformation,

pi = In Pi

Its inverse

pi = exp p; (38)
is substituted into the defining equations, and a new model
is defined.

The sensitivity equations are then derived for the trans-
formed model (see Appendix D). The only formal dif-
ference occurs when initial conditions for the model are
transformed. In that case, the initial conditions for the
sensitivity equation for the state initial condition will be
changed. '

dc; { 8 exp ;(0) (no sum) if p; is an initial condition
ap; | O otherwise
p; L
(39)

The errors for rate constants are often given in terms of
a multiplicative factor (Garvin and Hampson, 1974). If
that is the case, the lognormal distribution (Atchison and
Brown, 1963) is the natural representation for rate con-
stants and their error distribution. Indeed, that the errors
are multiplicative in nature is a necessary condition for the
error distribution to be lognormal. The lognormal distribu-
tion is given by

dA(x) = ;%2_-;— exp { —_ ié- (Inx — <Inx>)? } dx
(40)
Alx) = j; dA (%) (41)
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As an example let k = 2.2 X 10* with an error of a
factor of 2. This fact is more easily represented by

In k = 10. = .69 (42)

if it is assumed that k is represented by a lognormal distri-
bution.

To interpret further what this observation means, it is of
interest to calculate the value of k with the highest prob-
ability, the mode; the expected value of k, the mean; and
the value of k at which there is a 509 chance the true
value of k is higher or lower. These are, respectively,

Kmax =exp (<k> — o2(k)) = 1.4 X 10+ (43)

<k> = exp (<k> + 1/2 62(k)) = 2.8 X 10¢ (44)

kso = exp (<k>) = 2.2 X 10* (45)

The relative position of these quantities is illustrated on
the typical lognormal distribution shown in Figure 2.

A result that may be surprising is that the expected value
for k, treated as having a lognormal distribution, is greater
than the nominal value or the median. The difference in-
creases with the variance. From a statistical viewpoint the
expected value of k best characterizes the value of
the reaction rate. Unfortunately the median, the reported
nominal value, is often used in modeling instead.

CONCLUSION

This paper has shown how the effects of uncertainty in
the state of information of the parameters of a kinetic
model can be quantitatively assessed. Only the expressions
for the variance and mean value contain approximations.
Indeed, the development is valid for any set of ordinary
differential equations. The sensitivity matrix is obtained
for the entire time interval of interest; thus, the variance
is available as a function of time. Analysis reveals that the
sensitivity matrix and the variance have the proper behav-
jor at equilibrium and that linear kinetics have an exact
analytic representation.,

The results of this paper provide valuable tools in the
study of industrial reactors where there is large uncertainty
in the rate constants and even in the rate law exponents.
Not only does the variance indicate the effect of those er-
rors on the model output, but the contributions to the vari-
ance indicate the value of improved knowledge of par-
ticular parameters and aid in the choice of new experi-
ments.

MOde—— kmgx
Median——kso SIIIIgIlIToIsooogooosos
Mean—<k> f

Fig. 2. The lognormal distribution.
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NOTATION

linear kinetic operator
exponent, see (33)
compound
concentration

energy of activation
function of state variables, see (10)
rate constant
pre-exponential term
mode, see (43)
median, see (45)
number of compounds
parameter

number of reactions
rate of reaction

time

temperature

output variable

I T 1 T A T I (A

MM T IR O
B

Greek Letters

o = stoichiometric coefficients
% = rate Jaw exponents

¢ = sensitivity matrix

v = variance contributions

8; = Kronecker delta

A = lognormal distribution

w3 = third central moment
Operators

<c> = expected value

var (¢) = variance of ¢

o(¢) = one standard deviation of ¢
Ac¢ = increment

i~

c = lnc

Superscripts
C® = equilibrium
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APPENDIX A. A SIMPLE EXAMPLE

To illustrate the simplicity and the utility of the ideas in-
volved, a single first-order reaction, the simplest possible kinet-
ics, will be treated.

k
Ci—>C; (Al)
The kinetics are given by
dey
=—k A2
% c1 (A2)
dey
=k A3
o €1 (A3)

The equations governing the sensitivities are as follows:
d(acl) (601) (601)
—_——)=—=k|—) — C1; —_—
dt \ gk ok ok t=0
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(A4)

% (30810(10)) =T k(ac‘jf(l)) ); ( 3:10(10)) 1t=o=

(A5)
d 7/ dc dcy ) dcy )
— =—k ; =
dt 302(0)) <602(0) (302(0) t=0 (A6)
d ( dc ) . 8e . ( dca ) _
(50 =k e () | =0 wo

_d_(__acz ):k—_"c‘ ;<__ac2 ) ’ =0 (A8)
dt \ gci(0) dc1(0) dc1(0) t=0

_d_( dcz )—k dct ( dca >
dt \gea(0)/ 9ea{0)  "\gea(0)

The solutions to the state and the sensitivities are as follows:

=1 (A9)

t=0

o1 = c1(0) et (A10)
cz = c1{0) (1 — e~k) 4 ¢5(0) (Al1)
(%) = — 01(0) te—kt (Al2)
(e
(e

( aaf )=c1(0) te=kt (A15)
(ac‘j(cz) ): 1 — okt (A16)
(ac‘sz)) ): 1 (A1T)

Obviously, with this simple system the easiest approach is to
solve for ¢; and ¢z and then obtain the sensitivity matrix di-
rectly. It may be verified that solution of the differential equa-
tions gives the same result.

It is also clear that only the equations for one state need be
solved since the others may be obtained from considerations of
conservation of mass. Conservation of mass implies that the fol-

lowing hold:
<%%> + (%E:_) =0 (A18)

<acajt)> >+ (a:jzo) )= 1 (A19)

(aca;m )"’ <aca;(20) )= 1 (A20)

In solving large, complex problems, usually numerically, it
may be preferable to compute the sensitivities directly from the
differential equations and retain the relations deduced from
mass conservation above as consistency checks on the results.
To apply the sensitivity analysis, we compute the variance:

var (¢1) = [c1(0) t e~ k]2 var (k) 4 e~2k¢ var (c1(0))
(A21)

var (¢g) = [c1(0) t e—*t]2 var (k)

+ (1 — e k)2 var (¢1(0)) + var c2(0) (A22)

The final step in the analysis is to rank order the y;;, and to
determine the parameter whose error is most significant.
Note that

lim var (c1) =0 (A23)

t->c0

May, 1975 Page 447



ﬁm var (cg) = var (c1(0)) + var (c2(0)) (A24)

These limits must necessarily coincide with the equilibrium
state. Physically the chemical reaction converts all mass to Co.
This implies that, regardless of the values of k (k > 0) and the
initial conditions, ¢; must approach zero for long times; hence,
there is no uncertainty in the equilibrium value for ci. Simi-
larly, since all mass is converted to Cs, the uncertainty in ¢z is
the sum of the uncertainties in the initial conditions.

APPENDIX B. SOLUTION FOR LINEAR EXAMPLE
State

¢y = 15et | 5 eg—1000¢ (B1)
c3=15e"t — 5¢e—1000 (B2)
c3=3—c1—cCg (B3)

Rate Constants

g 3e~t 4 —1000t
k
0K, 1
=——t
4
.62 3et — e—1000¢
ok;
4e—t — 43—100(”
. (B4)
4(999)
— 2¢—t 4 2¢—1000¢
dor — e—1000¢
ok:
? ¢
T2
Gﬁ o—1000t
ak2 /
3e—t — 3g—1000¢
1
B5
+ 2(999) (B2)
—_— 3g—t + 33—1000t
20_1 — e—1000¢
dks
t
T2
a_c:.»_ e—1000¢
ak3 J
[ — 3e—t - 3¢—1000¢
1
—_ B6
+ 2(999) (B8)
3e—t — 3e—1000¢t
dc1
i 33—2 e—lOOOt
o +
t
Y
gz 3e—t —~ g—1000¢
ok
— 4e—t J- 4o—1000¢
1
—_ B7
4(999) (BT)
9e—t — 9g—1000t
dcs

1
s _ -t (e—t_ g—1000¢
™ 3/2te~t 4 2(999) (e e ) (B8)

Page 448 May, 1975

dcs
dk4

Initial Conditions

act
8c1(0)
ace
dc1(0)
acy
9c2(0)
ace
| 9c2(0)

~

J

dcs

oks

dcs
doks

2(999)

-

— =3/2tet 4 __1__ (— e—t 4 ¢—1000t)

~

e—t - g—1000¢

e—t — g—1000¢

= 0.5
g—t - g—1000¢
e—t 4 g—1000¢
\ J
dc
! =0
dcs(0)
dc2 _
acs(0)
dcs _
acs(0)
dc
8 =1—e"t
dc1(0)
ac.
e =1l—et
dc2(0)

(B9)

(B10)

(B11)

(B12)

(B13)

(B14)

(B15)

(B18)

(B17)

APPENDIX C. REACTOR SENSITIVITY—NORMAL ERRORS

ofi

ac

ofi
dvit

N
-————:aijkilnCL II
me

R

fi= 2 aij ki II;

m=

i=1

CpYim
1

R ‘N
= 2 aijkiyy II cpYim—mi
R m=1
i=1
3f; N
—_—= oy I cmwm
ok m=1

=1

CpYim

(no sum on ¢)

(cn)

(cz2)

(C3)

(c4)

APPENDIX D, REACTOR SENSITIVITY—LOGNORMAL

ERRORS

fi=2

ofi
acy

R

i=1
R

= 2 aij exp (ki) var
i=1

~ N
aij exp (ki) I cmYim
m=

ofi (,‘;) ﬁ "
= = e e ) I om

dfi

dvit
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